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Geometric magnetism in classical transport theory
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The effective dynamics of a slow classical system coupled to a fast chaotic environment is described by
means of a master equation. We show how this approach permits a very simple derivation of geometric
magnetism[S1063-651X97)50108-5

PACS numbg(s): 05.60+w, 05.45+b, 05.70.Ln, 03.65.Bz

[. INTRODUCTION of the fast motion permit us to take the Markovian limit.
Along with the Born-Oppenheimer force, geometric magne-
Consider a slow classical syste®coupled, through its tism then appears in a straightforward manner in the nondis-
position, to a fast classical systef If the fast motion is  sipative part of the effective slow dynamics. Finally, | shall
chaotic, therF effectively acts as an “environmen{1] that  conclude with a brief summary and several additional re-
induces friction[2,3] and also exerts other, nondissipative marks(Sec. I\).
reaction forces on the slow syste®n As for the nondissipa-
tive reaction, in the simplest “adiabatic averaging” approxi- Il. TRANSPORT EQUATIONS
mation [4], the classical analog of the Born-Oppenheimer
approximation[5], the fast motion’s energy at given values
of the slow coordinates serves as an external potential for th
slow system; its gradient yields the “Born-Oppenheimer
force.” In the next approximation beyond this, there is a
velocity-dependent correction which has the form of a mag
netic force, and for which Berry and Robbins coined the
name “geometric magnetism[6].

A powerful tool for the derivation of transport equations
is the Nakajima-Zwanzig projection techniq{l-1§. Its
main strength lies in the fact that by mapping the influence of
irrelevant degrees of freedom onto, among other features, a
honlocal behavior in time, it opens the way to the systematic
exploitation of separated time scales and hence serves as a
good starting point for powerful approximations such as the

For the situation considered here, namely, a fast chaotiarkovian and quasistationary limits; furthermore, it permits
classical environment, there are so far two alternative deri®n€ 0 discern easily the dissipative and nondissipative parts

vations of geometric magnetism, both due to Berry and Rob®f the effective dynamics.

bins: (i) by taking the nonvanishing classical limit of the , When studying the dynamics of a complex system away
corresponding quantum res(lt], where the appearance of from eqq|I|br|um one typically monitors the evolution of the
geometric magnetism can be linked to the geometric phasgXPectation values
[8] (whence its nameor (ii) in a purely classical context, by 9.(1): = (p(1)|G,) 1)
expanding the equation of motion f& around the Born- alb/)- =P a

Oppenheimer limit in powers of the fast-to-slow time scaleof only a very small set of selectétrelevant”) observables

ratio and identifying the first-order correctiof6]. The (G} ‘which change according to
multiple-time-scale analysi®] used in the latter derivation

appears somewhat reminiscent of the old Chapman-Enskog Ja()=i(p(1)|LG,). 2
method to derive transport equatiori®]. This is not a co-
incidence: After all, it should be possible to describe theHere the meanings op(t), G,, and the inner product
evolution of any subsysteitiere:S) coupled to an environ- (| ), as well as of another scalar prodygt, which we shall
ment(here:F) by means of a transpoftmaster”) equation;  use later, depend on whether the system under consideration
and, to be consistent, such a master equation should featurdsaquantum or classical; they are summarized in Table I. The
term representing geometric magnetism. It is the purpose ofLiouvillian” £ takes the commutator with the Hamilton
the present paper to show how, indeed, geometric magnetisgheratorf,
arises naturally in a classical master equatiorSicFhe deri-
vation of geometric magnetism within this transport theory iL=(il%)[H,*], 3
framework will turn out to be surprisingly simple.

The paper is organized as follows. First | will sketch veryfor a quantum system, or generates a Lie dragging in the
briefly how one obtains transport equations by means of théirection of the Hamiltonian vectox,,,
Nakajima-Zwanzig projection techniqyd1-14 (Sec. l);
for more details the reader is referred to textbolds and a iL= EXH , (4)
recent review 16]. Then this projection technique is applied
to the situation at hand, namely, a slow syst8moupled to  for a classical systerfil7], respectively. For simplicity we
a fast chaotic environmemt, both taken to be classicéBec. assume that the Hamiltonian and hence the Liouvillian, as
lIl). The resulting master equation f& is generally non- well as the relevant observables, are not explicitly time de-
Markovian, yet the separation of time scales and chaoticitypendent.
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TABLE I. Various symbols used in transport theory. Z(0):=(1lexd —\30)G,]) 9)
Generic Quantum Classical and the Lagrange parametgs®(0)} adjusted such as to
symbol yield the correcfg,(0)}.
statep statistical op phase space disp(m) In an analogous fashion one defines a “relevant part
observableG, Hermitian op.G, real functionG() prel(t):=Z(t) " texd —\3(1)G,] (10
(A|B) tr(ATB) JdmA* (m)B(m) .

NSO of the exact statp(t) atall timest, wherep,,(0)=p(0) but

(ABY, Ly (AT #B]  [dmp(m)A* (m)B(m) Py Pre(0)=p(0)

generallyp(t) # p(t) for t>0. There exists a unique time-
dependent projectdPg(t), namely, the projector orthogonal

The right-hand side of the equation of moti¢2) will with respect to the time-dependent scalar proc{u}:’;rel(t)’

generally depend not just on the selected, but also on aWhich has all required propertie§)—(iii) and, moreover,
other (“irrelevant”) degrees of freedom. In order to elimi- Yields
nate these and hence obtain a closed “transport equation” _
for the {g.(t)}, one employs a suitable projection operator (PO PR(t) = (pre(V)] (1D

which projects arbitrary observables onto the subspacg g times. This special choice, originally proposed by Rob-
spanned by 1 and the relevant observab@g. The projec-  ertson[14,18, has the important advantage that for initial
tor may depend on the current expgcte_ltion values of the rekiates of the fornt8) it ensures(p(0)| O(0)=0 and so ren-
evant observables and thus vary in tin®(t)=7{ga(t)],  ders the transport equati¢? closed. We shall use the Rob-
and is assumed to have the three properti€d: ertson projector throughout the remainder of the paped,
P()?="7(t), (i) P()A=A if and only if Aespadl,Ga},  for brevity, immediately drop the subscripb.
and (iii ) One principal feature of the transport equati@h is that

it is non-Markovian: Future expectation values of the se-

(p(H|[dP(t)/dt]A)=0  Vp(1),A. ) lected observables are predicted on the basis of both their

. resent val nd their history. There are two distin
Its complement is denoted b@(t):=1—"7P(t). One further present values and their past history. There are two distinct

) \ T time scales{(i) the scaler—or several scale$r,,}—on
gg:‘gnsezyan operatof(t’.t) (again in the space of observ- which the selected expectation valufgs,(t)} evolve; and
(i) the “memory time” r,,em Which characterizes the length
(Alat )Tt t) = —i Q(t ) LO(')T(t' 1) (6) of the time interval that contributes significantly to the
memory integral. Only if this memory time is small com-
and the initial conditiorZ{(t,t) = 1, which may be pictured as Pared to the typical time scale on which the selected observ-
describing the evolution of the systenirgelevantdegrees of ~@bles evolverpem< 7y, can memory effects be neglected
freedom. The equation of motion for the selected expectatiognd predictions for the selected observables be based solely

values{g,(t)} can then be cast into thstill exac form (r)nnertr?:ri;/ gf’:g:(tt ’\;a;ugeas(;[)oann(acj T:Xc;h?gplzscseume that in the
ga(H) =i (p(DIP() £Go) PLYa(t)]=Plga(D],  (p(t)IP) = (p(D]P(D),
—Jotdt'(p(t')|77(t')£Q(t')T(t',t)Q(t)ﬁGa) Tt ) —exdi(t—t")Q(t) LO(1)] (12
+i(p(0)]Q(0)TI0) Q(t) LG,) , 7 (Markovian limit). Furthermore, at times> 7o, it NO

longer matters for the dynamics when exactly the evolution
tarted, and hence in E) the integration over the system’s
istory may just as well extend from o to t, rather than
from O tot (quasistationary limjt[19].
In the Markovian and quasistationary limits the equation
of motion simplifies to

for any timet=0. This constitutes the desired closed syste
of (possibly nonlinegrcoupled integro-differential equations
for the selected expectation valueg,(t)}, provided
(p(0)|Q(0) and with it the last“residual force™) term van-

ishes.
In many practical applications the initial stgi€0) is not . _
known exactly but characterized solely by the initial expec- 9a(D)=H(p(D] Lre()Ga)
tation values[g,(0)} of the relevant observables. From this — 7 (p()|P(1) LO(1) 5(Q(t) LO(t)) Q) LG,)
insufficient information one generally constructs that distri- (13)
bution which maximizes the entro® p]: = —k(p|Inp) and
hence can be considered “least biased” or “maximally non-modulo residual force, where
committal” with regard to the unmonitored degrees of free-
dom: It is the generalized canonical state i [
Le(t)=P(t) LP(t) + EJ drP(t) L[ L(t;7)
p(0)=2(0) *exi ~\%(0)G,], ® °
—L(t;—7)]P(t) (14)

with summation oven implied (Einstein convention parti-
tion function with
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L(t;7):=exfi HLA(t)]L 15

(t;7): = exeli rQ(1) LQ(1)] (15 Q::sze(H_E); .
denotes dpossibly time-dependeneffective Liouvillian for
the relevant observables. Provided the evolution opefaitor its derivativedg{) may be interpreted as the surface of the
unitary with respect to the scalar prodych praf® then the  microcanonical energy shell.
first term in the Markovian transport equatiti8) is nondis- ~_ The slow system’s effective dynamics must be described
sipative. In this case dissipation stems entirely from the secWith a transport equation of the forfi), which in general is

ond term7 which y|e|ds a non_negative entropy growth rate non-Markovian and includes a residual force. Only if we take
the initial state of the environment to be microcanonical, i.e.,

Lor(D]=KA (0D p(0)=ps(0) X (1/7gQ) S(H—E), (23

— b . a =
km{QLN"Gy: 5(QLQ) QL Ga>prel 0 {9 wherepg(0) denotes théarbitrany initial state ofS, then the

residual force term vanishg&0]. This assumption of a mi-

(H theorem. crocanonical distribution and the resultant omission of the
residual force term amount to averaging over an entire en-
lll. EFFECTIVE FORCE CAUSED BY A FAST CHAOTIC semble of fast chaotic systems. However, even if the slow

ENVIRONMENT system is coupled to a single fast chaotic system the trans-

We now apply the above general results to a slow Systenqort equation without residual force will describe the main
S coupled to a fast chaotic, but not necessarily macroscopi ,lObaI feature of the slow dynamics; the re§|dual force
environmentF. Both S and F are treated classically, and causes only fluctuations around the average traje¢@ity

their state is described in a phase space with canonical coor- The separation of time scales an.d chaoticity (?f th.e fast
dinatesZ={Q,P} pertaining toS andz={q,p} pertaining to motion permit us to take the Markovian and quasistationary

F, respectively. The full Hamilton function for the combined Ilr"ntsaMore(_)ver:r\r/]ve lfot;;us_ on the nogdblssgr[])atl\ﬁ p?rt oi_the
systemSx F is taken to be of the form slow dynamics. The latter is governed by the effective Liou-

villian (14), which immediately yields thegHeisenberg-
H(Z,2)=HZ)+h(Q,2), (17) picture equation of motion

whereHg governs the free dynamics of the syst&andh G=(Ey. G+ lfmd7<£x [£x. (n—Ex. (—»]G)e
describes both the couplirithrough the slow positio®) of H.z 2Jo Hzo THZ H.z

S to the environment and the internal dynamics of the latter. (29
Associated with the Hamilton function is a Liouvilliaf#)

which we decompose, for an arbitrary slow observablé(Z) [22]. Here we have

used &HYZP= PEXH,zz 0 to replace &, by EXH,Z’ and defined

£y =£y +E (18)  the “rotated” Hamiltonian vectoXy, ;(7) as in Eq.(19) but
Xn ™ " Xuz ' TXuz? - , !
with components dragged along the fast coordinates,

into a part dragging along the slow coordinates,

&ih—>(¢9ih)72=exp[7'£XH Z](()"|h) (25)
Xlezz [VI(al9Q")— (d;Hs+ a;h)(dldP)] (19 Upon choosingG=P we obtain an effective force, with
: components
with slow velocityV'=gHs/dP; andd; :=a/9Q', and a part _ 1 (e
dragging along the fast coordinates, Pi=—(diH)e— 521_: ' fo dr(g;[(dih) ;= (aih) _;])e
X, Z:z oh 9 oh o 20 :FiBO+ Figeo_ (26)

< \ap ad* aq apy )’ _ _ _
The first term constitutes the usual Born-Oppenheimer force;
At t=0 and hence, due to energy conservation, at alwhile the secondintegra) term gives rise to geometric mag-

times the combined systeBx F is assumed to have a sharp netism: For an arbitrary functioA(Z,z) it is
total energyE. For the purposes of the Nakajima-Zwanzig _
projection technique all observables pertainingtas well (9iA)e=d)(A)et(9;H)ede(A)e
as the total energy which is a constant of the motion, are ~

. i + 4
taken to be relevant; while the internal degrees of freedom of (1/9e0)del de(AdjH)el @7
the environment and_sy_stem—gnwronment.correla'uons arg here 5JH2=31H—(0jH>E. This identity, together with
deemed irrelevant. This gives rise to a time-independent reps =~ "~
resentation of the Robertson projector, djH=d;h,

((aih) He=((aih) e (28)

PA dzs(H—E)A=:(A)g 21)

- IeQ) and

for any observablé. Heredg : = 9/JE and ((9ih)_,3;h)e=((d;h),d;h)e, (29)
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F?e":; B;; V! (30)

with an antisymmetric matrix‘magnetic field”)

B I aEQf d((9;h),d;h—(3;h),d;h)e
0

(31

177 250

in agreement with the result by Berry and Robhji6s/].

IV. CONCLUSION
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which is coordinate-free and applies to any form of the mi-
croscopic Hamilton function: It could serve as the starting
point for interesting generalizations of the model Hamil-
tonian considered here. Higher-order corrections to the Born-
Oppenheimer force and geometric magnetism will presum-
ably have to take into account memory effects; an example
for this is Jarzynski's forc§23]. Here, too, transport theory
with its non-Markovian evolution equatiaf) will furnish a
good starting point for the systematic study of non-
Markovian corrections.

Finally, transport theory adds a somewhat new perspec-
tive to Berry and Robbins’ observation that geometric mag-
netism is the “antisymmetric cousin of friction[6]. In our
formulation the memory term in Ed.7) gives rise, upon

‘We have succeeded in deriving geometric magnetismaking the Markovian and quasistationary limits, to both dis-
within the framework of classical transport theory: Startingsjpative and nondissipative parts of the dynamics; they ap-

from the general formul&l4) for the effective Liouvillian,

pear as the parts symmetrized and antisymmetrized, respec-

the derivation turned out to be surprisingly simple. Thistively, with respect to the history integration variable

means that treating the fast chaotic system as an “environ-
f
the latter with a master equation is a consistent and useflﬁr

ment” for the slow system and describing the dynamics o

physical picture. More generally, it shows that methods fro

equation of motion(24) for arbitrary slow observables,

7=(t—1t"). When evaluated for our model Hamiltonian and
e special choic& =P these two parts translate into effec-
ve forces proportional to the slow velocity, one with a sym-

g - Mnetric matrix of coefficientsfriction: not considered in this
transport theory are not limited to the description of macro- ¢

scopic systems but apply as well to low-dimensional chaos
As a by-product we have obtained the nondissipative

papej, the other with an antisymmetric matr)yeometric
magnetism: Eq(31)].
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